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a b s t r a c t
Motivated by constructing cyclic simple designs, we consider how to decomposing all the
triples of Zv into cyclic triple systems. Furthermore, we define a large set of cyclic triple
systems to be a decomposition of triples of Zv into indecomposable cyclic designs. Con-
structions of decompositions and large sets are given. Some infinite classes of decomposi-
tions and large sets are obtained. Large sets of small v with odd v < 97 are also given. As
an application, the results are used to construct cyclic simple triple systems.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
In this paper,we initialize the research of decomposing all triples ofZv into cyclic designs.We start from somedefinitions.
Definition 1.1. A balanced incomplete block design is a pair (X,A), where X is a set of v points andA is a set of k-subsets of
X (called blocks) such that each pair of points of X is contained in λ blocks. Such a design is denoted (v, k, λ)-BIBD.
A triple system is a (v, 3, λ)-BIBD and denoted TS(v, λ) in this paper. A TS(v, 1) is called a Steiner triple system.
For a (v, k, λ)-BIBD, (X,A), let σ be a permutation on X . For a block A ∈ A, let Aσ = {yσ : y ∈ A}. IfAσ = {Aσ |A ∈ A} =
A, then σ is called an automorphism of (X,A). If there is an automorphism σ of order v = |X |, then the BIBD is said to be
cyclic, denoted (k, λ)-CBIBD. Furthermore, if under the action of this automorphism, each orbit ofA is of size v, then we call
that design strictly cyclic. A cyclic triple system is denoted CTS(v, λ).
A design is called simple if it contains no repeated blocks. A simple strictly cyclic triple system is denoted SCTS(v, λ).
An interesting problem is the existence of a CTS(v, λ) or an SCTS(v, λ) for any possible parameters v and λ. We are
interested in these kinds of designs not only because of their nice combinatorial and algebraic properties, but also their
relationship to optical orthogonal codes (see [2]).
The main purpose of this paper is to consider how to decompose all the 3-subsets of Zv into cyclic triple systems. It is
easy to know that if we can decompose triples of Zv into small cyclic triple systems, then we can use different combinations
of these systems to get CTS(v, λ) for different λ’s. On the other hand, for a fixed v, there are definitely a lot of different
decompositions of triples of Zv into cyclic triple systems. A natural question is whether such a decomposition can be further
decomposed. To consider this problem, we will define a large set of cyclic triple systems in this paper as well. There are
many other research topics on triple systems closely related to our paper. For examples, super-simple designs [5,11,1],
indecomposable triple systems [9,12], large set of triple systems [7,8,4,6], etc. are some of these topics. The rest of this
paper is arranged as follows. Section 2 gives definitions and notations for further usage. Section 3 gives constructions of
decompositions and an application to simple cyclic systems. Section 4 concludes the paper and gives some interesting open
questions.
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2. Definitions and notations
2.1. Decomposition of triples
For a cyclic design (X,B), we can always assume that X = Zv without loss of generality. It is obvious that all the 3-
subsets of Zv form a CTS(v, v− 2). Now we want to decompose all of these triples into CTSs with smaller values of λ under
the same cyclic group.
Definition 2.1. A decomposition of triples to cyclic triple systems DCTS(v; λ1, λ2, . . . , λn), where λi < v − 2, i = 1, 2,
. . . , n, is a set system (X,A1,A2, . . . ,An) satisfying the following conditions:
• (X,Ai) is a simple CTS(v, λi), for i = 1, 2, . . . , n, under a same cyclic group of size v.
• Ai⋂Aj = ∅, for any i 6= j.
• ∣∣⋃ni=1Ai∣∣ = ( v3 ).
We will use the ‘‘exponential’’ notation to describe a decomposition. So DCTS(v; λu11 λu22 · · · λumm )means that there are u1
of λ1, u2 of λ2, etc. in the decomposition. When v ≡ 3 (mod 6), there is an orbit of blocks with size v3 for λ = 1, we will
denote the type as 1∗λu22 λ
u3
3 · · · λumm . When all the sub-designs in a decomposition are strictly cyclic, we will denote it as
DSCTS(v; λu11 λu22 · · · λumm ). DSCTSs can be used to construct cyclic simple triple systems.
In [3], C.J. Colbourn and A. Rosa have given the spectrum of CTS(v, λ).
Lemma 2.2. There exists a CTS (v, λ) if and only if
λ ≡ 1, 5 (mod 6), v ≡ 1, 3 (mod 6), (v, λ) 6= (9, 1);
λ ≡ 2, 10 (mod 12), v ≡ 0, 1, 3, 4, 7, 9 (mod 12), (v, λ) 6= (9, 2);
λ ≡ 3 (mod 6), v ≡ 1 (mod 2);
λ ≡ 4, 8 (mod 12), v ≡ 0, 1 (mod 3);
λ ≡ 6 (mod 12), v ≡ 0, 1, 3 (mod 4);
λ ≡ 0 (mod 12), v ≥ 3.
Remark 2.3. The designs constructed in [3] are not necessary simple. Since each design in a decomposition must be simple,
Lemma 2.2 only gives us necessary conditions for v and λi in decompositions.
The necessary condition of an SCTS(v, λ) is
λ(v − 1) ≡ 0 (mod 6), λ ≤ v − 2.
In this paper, we will basically consider the case of odd v. We have the following necessary condition for SCTSs:{
v ≡ 1 (mod 6), 1 ≤ λ ≤ v − 2;
v ≡ 3, 5 (mod 6), λ ≡ 0 (mod 3), 3 ≤ λ ≤ v − 2.
2.2. Large set of cyclic triple systems
A (v, k, λ)-BIBD (X,B) is indecomposable, if there does not existA ⊂ B such that (X,A) is a (v, k, λ′)-BIBD for λ′ < λ.
We define a large set of cyclic triple systems if all the designs in a decomposition are indecomposable, as follows.
Definition 2.4. A large set of cyclic triple systems LCTS(v; λ1, λ2, . . . , λn) is a DCTS(X,A1,A2, . . . ,An) such that each
(X,Ai) is an indecomposable CTS(v, λi), for i = 1, 2, . . . , n.
Wewill also use the exponential notation to describe the type of a large set.When all the designs in a large set are strictly
cyclic, we will denote it as an LSCTS. It is obvious that for any v there exists an LCTS of size v. The main problem here is to
construct large sets of cyclic triple systems and decide the types of large sets.
Example 2.1. There is an LCTS(9; 3141).
Proof. An SCTS(9,3) (with difference triples (2, 2, 4), (1, 3, 4), (3, 1, 4), (1, 2, 3)) has been described in [2]. The other triples
of Z9 form a CTS(9,4). Since there is no CTS(9,1), the designs are indecomposable. 
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3. Main results
3.1. Difference triples
Let Z∗v = Zv \ {0}. For x 6= y ∈ Zv , the difference d of the pair {x, y} is defined as d = min{x − y, y − x}, arithmetic
mod v (so 1 ≤ d ≤ b v2 c). The orbit of the pairs corresponding to the difference d is {{i, i + d} : i ∈ Zv}. For di ∈ Z∗v and
1 ≤ di ≤ b v2 c, i = 1, 2, 3, if d1 + d2 + d3 ≡ 0 (mod v), or d1 + d2 ≡ d3 (mod v), then (d1, d2, d3) is called a difference
triple. The orbit of blocks corresponding to a difference triple (d1, d2, d3) is {{i, d1 + i, d1 + d2 + i} : i ∈ Zv}, and the block
{0, d1, d1 + d2} is called a base block. In what follows, we will use a difference triple to present all the blocks generated
by it. Obviously, if (d1, d2, d3) is a difference triple, where d1, d2 and d3 are distinct, then (d2, d1, d3) is also a difference
triple. We call (d2, d1, d3) an adjoined difference triple of (d1, d2, d3). For difference triples (d1, d2, d3) and (d2, d1, d3), the
corresponding base blocks are {0, d1, d1 + d2} and {0, d2, d1 + d2}, respectively. It is easy to know that all the triples of Zv
form a cyclic TS(v, v − 2). When v 6≡ 0 (mod 3), there is no short orbit of blocks. So there are (v−1)(v−2)6 base blocks and
hence (v−1)(v−2)6 difference triples. When v ≡ 0 (mod 3), the base block {0, v3 , 2v3 } (corresponding to the difference triple
( v3 ,
v
3 ,
v
3 )) has a short orbit of size
v
3 . So there are
v(v−3)
6 + 1 distinct difference triples for v ≡ 0 (mod 3) in Zv .
Example 3.1. There exists a DSCTS(7; 1231) = (X,A1,A2,A3), where
A1: {i, i+ 1, i+ 3}, i ∈ Z7. The set of difference triple is {(1, 2, 3)}.
A2: {i, i+ 2, i+ 3}, i ∈ Z7. The set of difference triple is {(2, 1, 3)}.
A3: {i, i+ 1, i+ 2}, {i, i+ 2, i+ 4}, {i, i+ 3, i+ 6}, i ∈ Z7. The set of difference triples is {(1, 1, 2), (2, 2, 3), (3, 3, 1)}.
3.2. Decomposition for general odd v
We first consider some decompositions for general odd v. For an odd v, i.e., v ≡ 1, 3, 5 (mod 6), we can partition all of
the difference triples of Zv into three types:
Type 1: (a, a, 2a), 1 ≤ a ≤ v−12 . These triples may form a CTS(v, 3) (where ( v3 , v3 , v3 ) repeats three times). Moreover, if
v ≡ 1, 5 (mod 6), they can form an SCTS(v, 3).
Type 2: (a, b, c), where a < b < c , and 1 ≤ a ≤ b v3 c − 1, a+ 1 ≤ b ≤ b v−a−12 c, b+ 1 ≤ c ≤ b v2 c. The number of this type
of difference triples is 12
(
(v−1)(v−2)
6 − v−12
)
. If v ≡ 1, 5 (mod 6), then they can form an SCTS(v, v−52 ).
Type 3: the adjoined difference triples of Type 2. If v ≡ 1, 5 (mod 6), then they also can form an SCTS(v, v−52 ).
So we have the following result.
Theorem 3.1. Suppose v ≡ 1, 5 (mod 6). Then there is a DSCTS (v; 31( v−52 )2).
Example 3.2. There exist a DSCTS(13; 3142) and a DSCTS(13; 1233).
Proof. The above construction gives a DSCTS(13; 3142). Note that this design can be further decomposed. LetA1 consist of
all difference triples of Type 1 (i.e., (1, 1, 2), (2, 2, 4), (3, 3, 6), (4, 4, 5), (5, 5, 3), (6, 6, 1)). LetA2 consist of difference triples
(1,3,4), (2,5,6) (Type 2), A3 consist of adjoined difference triples of A2 (Type 3), A4 consist of difference triples (1, 2, 3),
(1, 4, 5), (1, 5, 6), (2, 3, 5), (2, 4, 6), (3, 4, 6) (Type 2), and A5 consist of the adjoined difference triples of A4 (Type 3). Then
we obtain a DSCTS(13; 1233). 
Lemma 3.2. For v ≡ 1, 5 (mod 6), if there exists an SCTS (v, λ), in which the difference triples are from Type 2, then there exists
a DSCTS (v; 31λ2( v−52 − λ)2).
Proof. Let A be the set of difference triples of the given SCTS(v, λ), and Γ contains all of the difference triples of Type 2,
then Γ \A forms the set of difference triples of an SCTS(v, v−52 − λ). 
Theorem 3.3. Suppose v ≡ 1 (mod 6). Then there exists a DSCTS (v; 1231( v−72 )2). Furthermore,
(1) For v ≡ 1 (mod 18), there exists a DSCTS (v; 2231( v−92 )2).
(2) For v ≡ 7 (mod 18), there exists a DSCTS (v; 122131(v − 9)1).
(3) For v ≡ 13 (mod 18), there exists a DSCTS (v; 122231( v−112 )2).
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Proof. For v = 7, 13, see Examples 3.1 and 3.2.
(a) Let v = 18s+ k, s ≥ 1, k = 1, 7, 13. By [3], there exists an SCTS(v, 1), the set of difference triplesA is listed below.
For k = 1:
When s = 1:A = {(1, 5, 6), (2, 8, 9), (3, 4, 7)}.
When s ≥ 2:A = {(3r + 1, 4s− r + 1, 4s+ 2r + 2) : 0 ≤ r ≤ s− 1}
∪ {(3r + 2, 8s− r, 8s+ 2r + 2) : 0 ≤ r ≤ s− 1}
∪ {(3r + 3, 6s− 2r − 1, 6s+ r + 2) : 0 ≤ r ≤ s− 2} ∪ {(3s, 3s+ 1, 6s+ 1)}.
For k = 7:
A = {(3r + 1, 8s− r + 3, 8s+ 2r + 4) : 0 ≤ r ≤ s− 1} ∪ {(3r + 2, 6s− 2r + 1, 6s+ r + 3) : 0 ≤ r ≤ s− 1}
∪ {(3r + 3, 4s− r + 1, 4s+ 2r + 4) : 0 ≤ r ≤ s− 1} ∪ {(3s+ 1, 4s+ 2, 7s+ 3)}.
For k = 13:
A = {(3r + 2, 6s− 2r + 3, 6s+ r + 5) : 0 ≤ r ≤ s− 1} ∪ {(3r + 3, 8s− r + 5, 8s+ 2r + 8) : 0 ≤ r ≤ s− 1}
∪ {(3r + 1, 4s− r + 3, 4s+ 2r + 4) : 0 ≤ r ≤ s} ∪ {(3s+ 2, 7s+ 5, 8s+ 6)}.
The difference triples are Type 2. So other difference triples of Type 2 form an SCTS(v, v−72 ).
(b) Let v = 6t + 1, t ≥ 1. By [2], there exists an SCTS(v, 2), the set of difference triplesB is
B = {(i, t + i, t + 2i) : 1 ≤ i ≤ t} ∪ {(t − i+ 1, t + 2i− 1, 2t + i) : 1 ≤ i ≤ t}.
By checking the difference triples, we find that when t = 3s+1, i = 2s+1 and i = s+1, two triples (2s+1, 5s+2, 7s+3)
and (5s + 2, 2s + 1, 7s + 3) are adjoined. The other difference triples are Type 2. So, there exist two disjoint SCTS(v, v−92 )
for v = 18s+ 1, 18s+ 13, while there is an SCTS(v, v − 9) for v = 18s+ 7, s ≥ 1.
(c) By checking the difference triples ofA,B, we find thatA ∩B = {(3s, 3s+ 1, 6s+ 1)} for v = 18s+ 1, s ≥ 1, while
A ∩B = ∅ for other two cases.
The conclusion follows. 
In general, the above construction only works for v 6≡ 0 (mod 3). When v ≡ 0 (mod 3), there is a short orbit of blocks.
The following is an example.
Example 3.3. There is a DCTS(15; 1∗34) = (Z15,A1,A2,A3,A4,A5), the set of difference triples Bi of Ai (1 ≤ i ≤ 5) is
listed below:
B1: (5, 5, 5), (1, 3, 4), (2, 6, 7).
B2: (1, 1, 2), (3, 3, 6), (4, 4, 7), (6, 6, 3), (2, 5, 7), (5, 2, 7), (1, 4, 5).
B3: (2, 2, 4), (1, 2, 3), (1, 5, 6), (1, 6, 7), (4, 5, 6), (4, 3, 7), (5, 3, 7).
B4: (7, 7, 1), (3, 5, 7), (3, 2, 5), (2, 4, 6), (4, 2, 6), (3, 1, 4), (5, 1, 6).
B5: (6, 1, 7), (6, 2, 7), (3, 4, 7), (2, 3, 5), (2, 1, 3), (4, 1, 5), (5, 4, 6).
Theorem 3.4. Suppose v ≡ 3 (mod 6) and v 6= 9. Then there exists a DCTS (v; 1∗31(v − 6)1).
Proof. When v = 15, See Example 3.3. Let B = B3 ∪ B4 ∪ B5, then B forms a set of difference triples of an SCTS(15, 9).
There is a DCTS(15; 1∗3191).
(a) Let v = 18s + k, s ≥ 1, k = 3, 9, 15. By [3], there exists a CTS(v, 1). The set of difference triples A is listed below.
Since the difference triple ( v3 ,
v
3 ,
v
3 ) is used in all of the cases, we omitted it from the list.
For k = 3:
A = {(3r + 1, 8s− r + 1, 8s+ 2r + 2) : 0 ≤ r ≤ s− 1} ∪ {(3r + 2, 4s− r, 4s+ 2r + 2) : 0 ≤ r ≤ s− 1}
∪ {(3r + 3, 6s− 2r − 1, 6s+ r + 2) : 0 ≤ r ≤ s− 1}.
For k = 9:
When s = 1, A = {(1, 12, 13), (2, 5, 7), (3, 8, 11), (4, 6, 10)}.
When s = 2, A = {(1, 11, 12), (2, 17, 19), (3, 20, 22), (4, 10, 14), (5, 8, 13), (6, 18, 21), (7, 9, 16)}.
When s = 3, A = {(1, 15, 16), (2, 27, 29), (3, 25, 28), (4, 14, 18), (5, 26, 31), (6, 17, 23), (7, 13, 20),
(8, 11, 19), (9, 24, 30), (10, 12, 22)}.
When s ≥ 4, A = {(3r + 1, 4s− r + 3, 4s+ 2r + 4) : 0 ≤ r ≤ s}
∪ {(3r + 2, 8s− r + 2, 8s+ 2r + 4) : 2 ≤ r ≤ s− 2}
∪ {(3r + 3, 6s− 2r + 1, 6s+ r + 4) : 1 ≤ r ≤ s− 2}
∪ {(2, 8s+ 3, 8s+ 5), (3, 8s+ 1, 8s+ 4), (5, 8s+ 2, 8s+ 7),
(3s− 1, 3s+ 2, 6s+ 1), (3s, 7s+ 3, 8s+ 6)}.
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For k = 15:
A = {(3r + 1, 4s− r + 3, 4s+ 2r + 4) : 0 ≤ r ≤ s} ∪ {(3r + 2, 8s− r + 6, 8s+ 2r + 8) : 0 ≤ r ≤ s}
∪{(3r + 3, 6s− 2r + 3, 6s+ r + 6) : 0 ≤ r ≤ s− 1}.
(b) Let v = 2t + 1, t ≥ 1. By [2], there exists an SCTS(v, 3), the set of difference triplesB is
B =
{
(i, i, 2i) : 1 ≤ i ≤ t, i 6= t − 1
3
,
2t + 1
3
, t
}
∪
{(
t − 1
3
,
2t + 1
3
, t
)
,
(
2t + 1
3
,
t − 1
3
, t
)
,
(
1,
2t − 2
3
,
2t + 1
3
)}
.
By checking the difference triples ofA,B, we find thatA ∩B = ∅. So, the conclusion follows. 
The above decompositions are for general v andmany of them are based on known cyclic designs.Wewant to decompose
the triples into smaller designs and need developing new methods.
3.3. Decomposition for primes
Next we construct some good infinite classes of decompositions. Suppose p is an odd prime. Then Zp is a finite field. Let
g be a primitive element of Zp. An element in Z∗p = Zp \ {0} can be written as g i, where i = ind(g i) ∈ Zp−1. Under this
notation, a difference triple in Zp can be denoted (ga, gb, gc), where ga + gb + gc ≡ 0 (mod p) or ga + gb ≡ gc (mod p),
a, b, c ∈ Zp−1.
Theorem 3.5. If p ≡ 1 (mod 6) is a prime, then there exists a DSCTS (p; 123 p−43 ).
Proof. Suppose g is a primitive element of Zp. Then 1 + g p−13 = g (p−1)6 . Let A1 consist of difference triples of Type 1, that
forms an SCTS(p, 3). LetA2 consist of difference triples {(g i, g i+ p−13 , g i+ p−16 ) : i = 0, 1, 2, . . . , p−16 − 1}. ThenA2 forms an
SCTS(p, 1). LetA3 consist of all the adjoined triples ofA2.
Using Ω to denote all the difference triples of Zp, we partition Ω \
(
A1
⋃
A2
⋃
A3
)
as follows. For a difference triple
(ga, gb, gc), where (a, b, c) 6= (0, p−13 , p−16 ), let A(a,b,c) consist of the set of difference triples {(ga+i, gb+i, gc+i) : i = 0, 1,
. . . ,
p−1
2 −1}. Then it is easy to know that for (a, b, c) 6= (a′, b′, c ′), we have eitherA(a,b,c) = A(a′,b′,c′) orA(a,b,c)
⋂
A(a′,b′,c′)
= ∅. Since eachA(a,b,c) forms an SCTS(p, 3), the conclusion follows. 
Example 3.4. There exists a DSCTS(19; 1235).
Proof. Let g = 2. We partition the difference triples according to Theorem 3.5 as follows.
A1: difference triples of Type 1.
A2: (1, 7, 8), (2, 5, 3), (4, 9, 6).
A3: (1, 2, 3), (2, 4, 6), (4, 8, 7), (8, 3, 5), (3, 6, 9), (6, 7, 1), (7, 5, 2), (5, 9, 4), (9, 1, 8).
A4: (1, 3, 4), (2, 6, 8), (4, 7, 3), (8, 5, 6), (3, 9, 7), (6, 1, 5), (7, 2, 9), (5, 4, 1), (9, 8, 2).
Ai+3: adjoined difference triples ofAi, i = 2, 3, 4. 
Using a similar method, we prove the following theorem.
Theorem 3.6. If p is a prime and p ≡ 5 (mod 6), then there exists a DSCTS (p; 3 p−23 ).
Proof. Partition all the difference triples of Type 2 and Type 3 in a similar way as the proof of Theorem 3.5 as follows. For a
difference triple (ga, gb, gc), where a 6= b 6= c 6= a, letA(a,b,c) consist of the set of difference triples {(ga+i, gb+i, gc+i) : i =
0, 1, . . . , p−12 − 1}. The conclusion follows. 
Example 3.5. There is a DSCTS(11; 33).
Proof. Let g = 2. We partition the difference triples according to Theorem 3.6 as follows.
A1: difference triples of Type 1.
A2: (1, 2, 3), (2, 4, 5), (4, 3, 1), (3, 5, 2), (5, 1, 4).
A3: adjoined difference triples ofA2. 
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3.4. Decomposition for prime powers
Now we consider decompositions of Zv with order of prime powers. Let p be an odd prime, n ≥ 2. Then the set Upn of
units in Zpn forms a cyclic group of order φ(pn) = pn−1(p − 1) under multiplication, where φ is the Euler’s function. Let g
be a generator of Upn . Then any nonzero element of Zpn can be written as pig j, where 0 ≤ i ≤ n− 1, 0 ≤ j ≤ φ(pn)− 1. We
partition the elements of 1, 2, . . . , p
n−1
2 into the following cycles:
Ci = {‖pi‖, ‖pi · g‖, ‖pi · g2‖, . . . , ‖pi · g p
n−1−i(p−1)
2 −1‖}, i = 0, 1, 2, . . . , n− 1,
where ‖d‖ = min{d, pn − d} for any d ∈ Zpn .
It is easy to know that C0 = Upn , |Ci| = p|Ci+1| for i = 0, 1, . . . , n − 2 and Cn−1 = {‖pn−1‖, ‖pn−1 · 2‖, ‖pn−1 · 3‖,
. . . , ‖pn−1 · p−12 ‖}. For the simplicity, we will omit the symbol ‘‘‖’’ in the following proofs. In what follows, for a subset
B ⊂ Zpn , we will use aB to denote the subset {ab : b ∈ B}. Under this notation, we have Ci = piC0. Here, we only retain
one copy for the repeated elements. Similarly, for a set of difference triples, A, aA will denote the set of difference triples
{(ad1, ad2, ad3) : (d1, d2, d3) ∈ A}.
We will use difference triples of type 2 (or 3) with special form as (pi, pig j, pi(g j + 1)) in Ci to construct our designs.
We will call these triples mono triples. There are total p
n−i−1
2 − pn−1−i − 1 mono triples of type 2 (or type 3) in Ci, which
can be calculated as follows. Ci contains the numbers divided by pi but not by pi+1. The largest possible number in Ci is
pn−pi = pi(pn−i−1). Therefore all possiblemono triples can bewritten as (pi, pix, pi(x+1)), where 1 ≤ x ≤ pn−i−2, x 6= kp
or kp − 1 for k = 1, . . . , pn−i−1 − 1. There are 3 mono triples belonging to type 1. Only half of the remaining mono triples
are contained in Ci as type 2 (or type 3). The conclusion follows.
Theorem 3.7. If prime p ≡ 1 (mod 6), positive integer n has prime factorization n = 2q1q2 · · · qk (where qi might equal to qj),
then there exists a DSCTS (pn; T ), where
T = 123 p−43 (3p) p−13
k∏
i=1
(3pqi)
p−1
3
∏
1≤ii<i2≤k
(3pqi1 qi2 )
p−1
3 · · ·
∏
1≤ii<i2<···<ir≤k
(3pqi1 ···qir )
p−1
3 · · · (3pq1···qk) p−13 (pn − 2− s)1
and
s = pn − 2− 2− 3× p− 4
3
− (3p)× p− 1
3
−
k∑
i=1
(3pqi)× p− 13 −
∑
1≤ii<i2≤k
(3pqi1qi2)×
p− 1
3
− · · ·
−
∑
1≤ii<i2<···<ir≤k
(3pqi1 · · · qir )
p− 1
3
− · · · − (3pq1 · · · qk)× p− 13 .
Proof. Using the above notations, let g be a generator of Upn . Since prime p ≡ 1 (mod 6), p ≥ 7, then the length of each
cycle Ci is greater than or equal to 3, i = 0, 1, . . . , n− 1.
(1) Since p ≡ 1 (mod 6), |Ci| = pn−1−i(p−1)2 ≡ 0 (mod 3) for i = 0, 1, . . . , n − 1. From g
φ(pn)
2 ≡ −1 (mod pn), we have
1+ g p
n−1(p−1)
6 6≡ 0 (mod pn). Therefore 1− g p
n−1(p−1)
6 + g p
n−1(p−1)
3 ≡ 0 (mod pn), i.e., (1, g p
n−1(p−1)
6 , g
pn−1(p−1)
3 ) is a difference
triple. Define
B0 =
{
(g j, g
pn−1(p−1)
6 +j, g
pn−1(p−1)
3 +j) : j = 0, 1, . . . , p
n−1(p− 1)
6
− 1
}
.
ThenB0 is a partition of C0.
For i = 1, . . . , n− 1, define
Bi =
{
(pig j, pig
pn−1−i(p−1)
6 +j, pig
pn−1−i(p−1)
3 +j) : j = 0, 1, . . . , p
n−1−i(p− 1)
6
− 1
}
,
thenBi forms a partition of Ci, and
⋃n−1
i=0 Bi form a set of difference triples of SCTS(pn, 1).
(2) Now considermono triples (pn−1, pn−1x, pn−1(x+1)) in Cn−1, where x = 2, 3, . . . , p−12 −1, x 6= g
p−1
6 . These difference
triples have not been used in (1). For each of these triples, let
An−1 =
{
(pn−1g j, pn−1g jx, pn−1g j(x+ 1)) : j = 0, . . . , p− 1
2
− 1
}
.
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For i = 0, 1, . . . , n − 2, consider mono triples (pi, pix, pi(x + 1)), where 1 < x < pn−i2 − 1, x 6= kp, kp − 1 for
k = 1, . . . , pn−i−1−12 and x 6= g
pn−1−i(p−1)
6 . Let
Ai =
{
(pig j, pig jx, pig j(x+ 1)) : j = 0, 1, . . . , p
n−1−i(p− 1)
2
− 1
}
, i = 0, 1, . . . , n− 2.
Then
⋃n−1
i=0 Ai form a set of difference triples of SCTS(pn, 3).
Since there are p−12 − 3 such difference triples in Cn−1 and 3 of themwill create the sameAn−1, we can get
p−1
2 −3
3 = p−76
disjoint SCTS(pn, 3)s.
(3) Consider the difference triples formed by two elements in C2j and one element in C2j+1, j = 0, 1, . . . , n2 − 1. For an
element p2j+1gx ∈ C2j+1, there must be an element p2jgy ∈ C2j such that B = (p2j, p2jgy, p2j+1gx) is a difference triple of Zpn .
Let
Mj =
{
ghB : 0 ≤ h ≤ p
n−1−2j(p− 1)
2
− 1
}
.
Since |C2j| = p|C2j+1|, each element of C2j appears twice and each element of C2j+1 appears p times inMj. We take other two
difference triple sets of this typeM ′j ,M
′′
j . So, each element of C2j appears 6 times, and each element of C2j+1 appears 3p times
inMj ∪M ′j ∪M ′′j . Furthermore, we take 3p−63 = p− 2 different mono triples B1, . . . , Bp−2 from each C2j, which are not used
in (1) and (2), j = 0, 1, . . . , n2 − 1. Then{
ghBk : 0 ≤ h ≤ p
n−1−2j(p− 1)
2
− 1, 1 ≤ k ≤ p− 2
}⋃
Mj
⋃
M ′j
⋃
M ′′j
forms a set of difference triples of an SCTS(pn, 3p).
There are p− 1 difference triples with the form (pn−2, pn−2gk, pn−1g l), where k > 0, 0 ≤ l ≤ p−12 − 1. Each SCTS(pn, 3p)
contains 6 of this kind difference triples. And for i ≤ n − 2, since the number of mono triples unused in (1) and (2) is
pn−i−1
2 − pn−1−i − 1− p−52 > p−16 × (p− 2), we can construct p−16 disjoint SCTS(pn, 3p)s.
(4) Suppose n = 2t · m, t > 1. Similar to the construction of (3), we consider the difference triples formed by two
elements in C2tl+j and one element in C2tl+t+j, j = 0, 1, . . . , t − 1, l = 0, 1, . . . ,m − 1. Let B = (p2tl+j, p2tl+jgy, p2tl+t+jgz)
be a difference triple of this type. Define
Nj =
{
ghB : 0 ≤ h ≤ p
n−1−2tl−j(p− 1)
2
− 1
}
.
Since |C2tl+j| = pt |C2tl+t+j|, each element of C2tl+j appears two times, and each element of C2tl+t+j appears pt times in Nj. We
take other two difference triple sets of this type N ′j ,N
′′
j . Then each element of C2tl+j appears 6 times, and each element of
C2tl+t+j appears 3pt times. Moreover, we take 3p
t−6
3 = pt − 2 different mono triples B1, . . . , Bpt−2 from each C2tl+j unused
in (1), (2) and (3), j = 0, 1, . . . , t − 1. Then{
ghBk : 0 ≤ h ≤ p
n−1−2tl−j(p− 1)
2
− 1, 1 ≤ k ≤ pt − 2
}⋃
Nj
⋃
N ′j
⋃
N ′′j
forms a set of difference triples of an SCTS(pn, 3pt). In this way, we can get p−16 disjoint SCTS(p
n, 3pt)s.
Since n has prime factorization n = 2q1q2 · · · qk, let t be a factor of q1q2 · · · qk, we can get p−16 disjoint SCTS(pn, 3pt)s.
Now the conclusion follows from the fact that for all the above designs, the adjoined designs exist and we also have a
design of difference triple Type 1. 
Corollary 3.8. If prime p ≡ 1 (mod 6), then there exists a DSCTS (p2; 123 p−43 (3p) p−13 ).
Proof. The conclusion follows from Theorem 3.7 with n = 2. 
Example 3.6. There exists a DSCTS(132; 1233394).
Proof. Let g = 2. There are two cycles with length 78 and 6 respectively.
C1 = (1, 2, 4, 8, 16, 32, 64, 41, 82, 5, 10, 20, 40, 80, 9, 18, 36, 72, 25, 50, 69, 31, 62, 45, 79, 11, 22, 44, 81, 7,
14, 28, 56, 57, 55, 59, 51, 67, 35, 70, 29, 58, 53, 63, 43, 83, 3, 6, 12, 24, 48, 73, 23, 46, 77, 15, 30, 60, 49,
71, 27, 54, 61, 47, 75, 19, 38, 76, 17, 34, 68, 33, 66, 37, 74, 21, 42, 84);
C2 = (13, 26, 52, 65, 39, 78).
First, we consider the difference triples of Type 2. There are 70 different mono triples in C1. And there are 12 difference
triples with the form (1, a, b), where one of the elements a, b belongs to C1, and the other belongs to C2.
Z. Tian, R. Wei / Discrete Mathematics 310 (2010) 700–713 707
(1) The set of difference triples of SCTS(132, 1):
{2i(1, 22, 23) : 0 ≤ i ≤ 25} ∪ {(13, 39, 52), (26, 78, 65)}.
(2) The set of difference triples of SCTS(132, 3):
{2i(1, 2, 3) : 0 ≤ i ≤ 77} ∪ {2i(13, 26, 39) : 0 ≤ i ≤ 5}.
(3) Eliminating the difference triples of (1), (2), there are 66 different mono triples in C1. So, we can get 22 difference triple
orbits {2i(1, c, d) : 0 ≤ i ≤ 77}, where c, d ∈ C1, each of which contains three difference triples of this type.
To construct two SCTS(132, 39), the difference triples are listed below:
{2i(1, 12, 13)∪ 2i(1, 25, 26)∪ 2i(1, 38, 39) : 0 ≤ i ≤ 77}, plus 11 different difference triple orbits {2i(1, c, d) : 0 ≤ i ≤
77}, where c, d ∈ C1.{2i(1, 51, 52)∪2i(1, 64, 65)∪2i(1, 77, 78) : 0 ≤ i ≤ 77}, plus 11 remaining different difference triple orbits {2i(1, c, d) :
0 ≤ i ≤ 77}, where c, d ∈ C1.
The above given SCTSs are pairwise disjoint. With the difference triples of Type 1 and Type 3, we can get the desired
DSCTS(132; 1233394). 
Similarly, we have the following construction.
Theorem 3.9. If prime p ≡ 5 (mod 6) and p ≥ 11, n has prime factorization n = 2q1q2 · · · qk (where qi might equal to qj), then
there exists a DSCTS (pn; T ), where
T = 3 p−23 pp−1
k∏
i=1
(lpqi)
e
l
∏
1≤ii<i2≤k
(lpqi1 qi2 )
e
l · · ·
∏
1≤ii<i2<···<ir≤k
(lpqi1 ···qir )
e
l · · · (lpq1···qk) el (pn − 2− s)1
s = pn − 2− 3× p− 2
3
− p× (p− 1)−
k∑
i=1
(lpqi)× el −
∑
1≤ii<i2≤k
(lpqi1qi2)×
e
l
− · · ·
−
∑
1≤ii<i2<···<ir≤k
(lpqi1 · · · qir )×
e
l
− · · · − (lpq1 · · · qk)× el ,
and {
l = 1, e = p− 1 when t = qi1 · · · qir ≡ 1 (mod 2), r = 1, 2, . . . , k,
l = 3, e = p− 5 when t = qi1 · · · qir ≡ 0 (mod 2), r = 1, 2, . . . , k.
Proof. The construction is similar to that of Theorem 3.7. Since p ≥ 11, the length of each cycle Ci is greater than 3,
i = 0, 1, . . . , n− 1.
(1) We consider mono triples (pn−1, pn−1x, pn−1(x+ 1)) in Cn−1, where x = 2, 3, . . . , p−12 − 1. For each of these triples,
let
An−1 =
{
(pn−1g j, pn−1g jx, pn−1g j(x+ 1)) : j = 0, . . . , p− 1
2
− 1
}
.
For i = 0, 1, . . . , n − 2, consider mono triples (pi, pix, pi(x + 1)), where 1 < x < pn−i2 − 1, x 6= kp, kp − 1 for
k = 1, . . . , pn−i−1−12 . Let
Ai =
{
(pig j, pig jx, pig j(x+ 1)) : j = 0, 1, . . . , p
n−1−i(p− 1)
2
− 1
}
, i = 0, 1, . . . , n− 2.
Then
⋃n−1
i=0 Ai form a set of difference triples of SCTS(pn, 3).
Since there are p−12 − 2 such difference triples in Cn−1 and 3 of themwill create the sameAn−1, we can get
p−1
2 −2
3 = p−56
disjoint SCTS(pn, 3)s.
(2) Consider the difference triples formed by two elements in C2j and one element in C2j+1, j = 0, 1, . . . , n2 − 1. For an
element p2j+1gx ∈ C2j+1, there must be an element p2jgy ∈ C2j such that B = (p2j, p2jgy, p2j+1gx) is a difference triple of Zpn .
Let
Mj =
{
ghB : 0 ≤ h ≤ p
n−1−2j(p− 1)
2
− 1
}
.
Since |C2j| = p|C2j+1|, each element ofC2j appears twice and each element ofC2j+1 appears p times inMj. Since p ≡ 5 (mod 6),
we can take p−23 different mono triples B1, . . . , B p−23 from each C2j, which are not used in (1), j = 0, 1, . . . ,
n
2 − 1. Then{
ghBk : 0 ≤ h ≤ p
n−1−2j(p− 1)
2
− 1, 1 ≤ k ≤ p− 2
3
}⋃
Mj
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forms a set of difference triples of a SCTS(pn, p).
There are p − 1 difference triples with the form (pn−2, pn−2gk, pn−1g l), where k > 0, 0 ≤ l ≤ p−12 − 1. Each
SCTS(pn, p) contains 2 difference triples of this form. And for i ≤ n − 2, since the number of mono triples unused in (1)
is p
n−i−1
2 − pn−1−i − 1− p−52 > p−12 × p−23 , we can construct p−12 disjoint SCTS(pn, p)s.
(3) Suppose n = 2t · m, t > 1. Similar to the construction of (2), we consider the difference triples formed by two
elements in C2tl+j and one element in C2tl+t+j, j = 0, 1, . . . , t − 1, l = 0, 1, . . . ,m − 1. Let B = (p2tl+j, p2tl+jgy, p2tl+t+jgz)
be a difference triple of this type. Define
Nj =
{
ghB : 0 ≤ h ≤ p
n−1−2tl−j(p− 1)
2
− 1
}
.
Since |C2tl+j| = pt |C2tl+t+j|, each element of C2tl+j appears two times, and each element of C2tl+t+j appears pt times in Nj.
When t is odd, pt ≡ 5 (mod 6). We can take p−23 different mono triples B1, . . . , B p−23 from eachC2tl+j, which are not used
in (1) and (2), j = 0, 1, . . . , t − 1. Then{
ghBk : 0 ≤ h ≤ p
n−1−2tl−j(p− 1)
2
− 1, 1 ≤ k ≤ p− 2
3
}⋃
Nj
forms a set of difference triples of an SCTS(pn, pt). In this way, we can get p−12 disjoint SCTS(p
n, pt)s.
When t is even, pt ≡ 1 (mod 6). We need to take another two difference triple sets of this type N ′j ,N ′′j . At this time,
each element of Γ2tl+j appears 6 times, and each element of Γ2tl+t+j appears 3pt times. Moreover, we take 3p
t−6
3 = pt − 2
different difference triples B1, . . . , Bpt−2 from each C2tl+j unused in (1) and (2), j = 0, 1, . . . , t − 1. Then{
ghBk : 0 ≤ h ≤ p
n−1−2tl−j(p− 1)
2
− 1, 1 ≤ k ≤ pt − 2
}⋃
Nj
⋃
N ′j
⋃
N ′′j
forms a set of difference triples of an SCTS(pn, 3pt). In this way, we can get p−56 disjoint SCTS(p
n, 3pt)s.
Since n has prime factorization n = 2q1q2 · · · qk, let t be a factor of q1q2 · · · qk, we can get p−12 disjoint SCTS(pn, pt)s or
p−5
6 disjoint SCTS(p
n, 3pt)s.
Now the conclusion follows from the fact that for all the above designs, the adjoined designs exist and we also have a
design of difference triple Type 1. 
Corollary 3.10. If prime p ≡ 5 (mod 6) and p ≥ 11, then there exists a DSCTS (p2; 3 p−23 pp−1).
Proof. Let n = 2 in Theorem 3.9. 
Example 3.7. There exists a DSCTS(112; 331110).
Proof. Let g = 2. There are two cycles with length 55 and 5 respectively.
C1 = (1, 2, 4, 8, 16, 32, 57, 7, 14, 28, 56, 9, 18, 36, 49, 23, 46, 29, 58, 5, 10, 20, 40, 41, 39, 43, 35, 51,
19, 38, 45, 31, 59, 3, 6, 12, 24, 48, 25, 50, 21, 42, 37, 47, 27, 54, 13, 26, 52, 17, 34, 53, 15, 30, 60);
C2 = (11, 22, 44, 33, 55).
First, we consider the difference triples of Type 2. There are 48 different mono triples in C1, and there are 10 difference
triples with the form (1, a, b), where one of the elements a, b belongs to C1, and the other belongs to C2.
(1) The set of difference triples of SCTS(112, 3): {2i(1, 2, 3) : 0 ≤ i ≤ 54} ∪ {2i(13, 26, 39) : 0 ≤ i ≤ 4}.
(2) Eliminating the difference triples of (1), there are 45 different mono triples in C1. So, we can get 15 difference triple
orbits {2i(1, c, d) : 0 ≤ i ≤ 54}, where c, d ∈ C1, each orbit contains three mono triples in C1. Furthermore, we can get 5
difference triple orbits {2i(1, a, b) : 0 ≤ i ≤ 54}, where one of the elements a, b belongs to C1, and the other belongs to C2.
Now, take one difference triple orbits {2i(1, a, b) : 0 ≤ i ≤ 54}, and three difference triple orbits {2i(1, c, d) : 0 ≤ i ≤
54}, then we can get an SCTS(112, 11). Moreover, we can get five SCTS(112, 11).
With the difference triples of Type 1 and Type 3, we can get the DSCTS(112; 331110). 
3.5. Decomposition for 3p
Next we consider decompositions of Z3p with prime p ≡ 1, 5 (mod 6). It is well known that Z3p is isomorphic to Zp×Z3
since gcd(3, p) = 1. For convenience, we will consider Zp×Z3 instead of Z3p and denote the element (a, i) ∈ Zp×Z3 as ai,
a ∈ Zp, i ∈ Z3. For two elements ai, bj, when i = j, their difference denoted as±(b− a)i is called a pure difference, i = 0, 1
or 2, and call (b − a)i,j an (i, j) mix difference when i 6= j. We also use (b − a)i,j and (a − b)j,i as a same difference. Let g be
a primitive element of Zp. Then all of the difference triples of Zp × Z3 can be partitioned into five types as follows. In what
follows, we will use {g i(a−, b−, c−) : i ∈ Zp−1} to denote the difference triple orbit {((g ia)−, (g ib)−, (g ic)−) : i ∈ Zp−1} for
a difference triple (a−, b−, c−).
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Type M1: Includes three zero mix differences, i.e., mix difference triple (001, 012, 020).
Type M2: Includes one zero mix difference. There are 3(p− 1) difference triples of this type,
{(001, (g i)0, (g p−12 +i)01), (001, (g i)1, (g i)01), (001, (g i)12, (g p−12 +i)20) : i ∈ Zp−1}.
Type M3: Includes one pure difference and two nonzero mix differences. There are (p− 1)(p− 2) difference triples of this
type, which can be partitioned as follows.
M3a:
{
g i(101, 20, (p− 1)01) : 0 ≤ i ≤ p− 12 − 1
}
,
M3b:
{
g i(101, 21, (p− 1)01) : 0 ≤ i ≤ p− 12 − 1
}
,
M3c : {g i (101, (g j − 1)0, g j01) : 0 ≤ i ≤ p− 2} for j = 1, 2 . . . ,
p− 1
2
− 1, or
M3d: {g i (101, (g j − 1)1, g j01) : 0 ≤ i ≤ p− 2} for j = 1, 2 . . . ,
p− 1
2
− 1.
Type M4: Includes three pure differences. For a, b, c ∈ Z∗p , if a + b ≡ ±c (mod p), then (a0, b0, c0) is a difference triple.
There are (p−1)(p−2)6 difference triples of this type, which can be partitioned as follows.
M4a:
{
(a0, a0, 2a0) : 1 ≤ a ≤ p− 12
}
,
M4b:
{
(a0, b0, c0) : 1 ≤ a ≤
⌊p
3
⌋
− 1, a+ 1 ≤ b ≤
⌊
p− a− 1
2
⌋
, b+ 1 ≤ c ≤
⌊p
2
⌋}
,
M4c:
{
(b0, a0, c0) : 1 ≤ a ≤
⌊p
3
⌋
− 1, a+ 1 ≤ b ≤
⌊
p− a− 1
2
⌋
, b+ 1 ≤ c ≤
⌊p
2
⌋}
.
When p ≡ 1 (mod 6), M4b (or M4c) can be partitioned into one difference triple orbit with length p−16 and p−76
difference triple orbitswith length p−12 .When p ≡ 5 (mod 6), M4b (orM4c) can be partitioned into p−56 difference
triple orbits with length p−12 .
Type M5: Includes three nonzeromix differences. For a, b, c ∈ Z∗p , if a+b+c ≡ 0 (mod p), then (a01, b12, c20) is a difference
triple. There are (p−1)(p−2)3 difference triples of this type, which can be partitioned as follows.
M5a: {(a01, a12, (p− 2a)20) : 1 ≤ a ≤ p− 1},
M5b:
{
(a01, b12, c20) : 1 ≤ a ≤
⌊
2p
3
⌋
− 1, a+ 1 ≤ b ≤
⌊
2p− a− 1
2
⌋
, b+ 1 ≤ c ≤ p− 1
}
,
M5c:
{
(b01, a12, c20) : 1 ≤ a ≤
⌊
2p
3
⌋
− 1, a+ 1 ≤ b ≤
⌊
2p− a− 1
2
⌋
, b+ 1 ≤ c ≤ p− 1
}
.
When p ≡ 1 (mod 6), M5b (or M5c) can be partitioned into one difference triple orbit with length p−13 and
p−7
6 difference triple orbits with length p − 1. When p ≡ 5 (mod 6), M5b (or M5c) can be partitioned into p−56
difference triple orbits with length p− 1.
Theorem 3.11. If prime p ≡ 1 (mod 6), then there exists a DCTS (3p; 1∗λ11λ12λ13(3p − 3 − λ1 − λ2 − λ3)1), where λ1 ∈ {3,
6, 9, . . . , p− 4}, λ2 ∈ {6, 12, . . . , p− 7}, λ3 ∈ {3, 6, 9, . . . , p−12 }.
Proof. Let g be a primitive element of Zp.
(1) The set of difference triples of Type M1 and M3a forms a CTS(3p, 1).
(2) Construct SCTS(3p, λ1), where λ1 ∈ {3, 6, 9, . . . , p− 4}.
Let F = {g i(101, 11, 201) : i ∈ Zp−1} be an orbit of difference triples of Type M3d. For convenience, we can rewrite F as
{Fi = (a(i)01, a(i)1 , g i01) : i ∈ Zp−1}.
(i) When λ1 = 3(2s+ 1), 0 ≤ s ≤ p−76 . We ‘‘break’’ some triples of F as follows. We delete 3(2s+ 1) difference triples
of F , denoted as E , Fi, F p−1
3 +i, F 2(p−1)3 +i
, 0 ≤ i ≤ 2s and add following triples. Let
A = {((g i)01, (g p−13 +i)12, (g 2(p−1)3 +i)20) : 0 ≤ i ≤ 2s},
B = {(001, a(i)1 , a(i)01), (001, a(
p−1
3 +i)
1 , a
(
p−1
3 +i)
01 ), (001, a
(
2(p−1)
3 +i)
1 , a
(
2(p−1)
3 +i)
01 ) : 0 ≤ i ≤ 2s}.
Note thatA is of Type M5 andB is of Type M2 and all nonzero elements inA ∪B are the same elements of E .
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Finally, let C consist of 3s difference triples orbits of Type M3d which are different from F and difference triples of Type
M3b. C contains 3s(p− 1)+ p−12 difference triples.
Then (F \ E) ∪A ∪B ∪ C forms the set of difference triples of an SCTS(3p, 3 · (2s+ 1)).
(ii)Whenλ1 = 3·2s, 1 ≤ s ≤ p−76 .Wedelete 3·2sdifference triples ofF , denoted asE , Fi, F p−13 +i, F 2(p−1)3 +i, 0 ≤ i ≤ 2s−1
and add following triples. Let
A = {((g i)01, (g p−13 +i)12, (g 2(p−1)3 +i)20) : 0 ≤ i ≤ 2s− 1},
B = {(001, a(i)1 , a(i)01), (001, a(
p−1
3 +i)
1 , a
(
p−1
3 +i)
01 ), (001, a
(
2(p−1)
3 +i)
1 , a
(
2(p−1)
3 +i)
01 ) : 0 ≤ i ≤ 2s− 1}.
Note thatA is of Type M5 andB is of Type M2 and all nonzero elements inA ∪B are the same elements of E .
Further, letC consist of 3s−1 difference triples orbits of TypeM3dwhich are different fromF .C contains (3s−1)(p−1)
triples.
Then (F \ E) ∪A ∪B ∪ C forms the set of difference triples of an SCTS(3p, 3 · 2s).
(3) Construct SCTS(3p, λ2), where λ2 ∈ {6, 12, . . . , p− 7}.
Let F ′ = {g i ((p− 2)01, 10, (p− 1)01) : i ∈ Zp−1} be an orbit of difference triples of Type M3c. For convenience, we can
rewrite F ′ as {F ′i = (g i01, a(i)0 , (p− a)(i)01) : i ∈ Zp−1}.
Let λ2 = 3 · 2s, 1 ≤ s ≤ p−76 . We delete 3 · 2s difference triples of F ′, denoted as E ′, F ′i , F ′p−1
3 +i
, F ′2(p−1)
3 +i
, 0 ≤ i ≤ 2s− 1
and add following triples. Let
A′ = {((g p−13 +i)01, (g i)12, (g 2(p−1)3 +i)20) : 0 ≤ i ≤ 2s− 1},
B ′ = {(001, a(i)0 , (p− a)(i)01), (001, a(
p−1
3 +i)
0 , (p− a)(
p−1
3 +i)
01 ), (001, a
(
2(p−1)
3 +i)
0 , (p− a)(
2(p−1)
3 +i)
01 ) : 0 ≤ i ≤ 2s− 1}.
Note thatA′ is of Type M5 andB ′ is of Type M2 and all nonzero elements inA′ ∪B ′ are the same elements of E ′.
Further, letC ′ consist of 3s−1 difference triple orbits of TypeM3cwhich are different fromF ′.C ′ contains (3s−1)(p−1)
triples.
Then (F ′ \ E ′) ∪A′ ∪B ′ ∪ C ′ forms the set of difference triples of an SCTS(3p, 3 · 2s).
(4) Construct SCTS(3p, λ3), where λ3 ∈ {3, 6, 9, . . . , p−12 }.
Set F ′′ = {F ′′i = (i01, i12, (p− 2i)20) : i ∈ Z∗p}.
Let λ3 = 3 · s, 1 ≤ s ≤ p−16 . We delete 2s difference triples of F ′′, denoted as E ′′, F ′′2i+1, F ′′p−2i−1 for i = 0, 1, . . . , s − 1.
Let j = 2i+ 1 and
A′′ = {(001, j12, (p− j)20), (001, (p− j)12, j20), (001, (p− 2j)12, (2j)20) : 0 ≤ i ≤ s− 1}.
Note thatA′′ is Type M2 and all nonzero elements inA′′ are the same elements of E ′′.
Furthermore, let B ′′ consist of s − 1 difference triple orbits of Type M5 which are different from F ′′ and {g i(101,
(g
p−1
3 )12, (g
2(p−1)
3 )20), g i((g
p−1
3 )01, 112, (g
2(p−1)
3 )20) : 0 ≤ i ≤ p−13 − 1}, C ′′ consist of s difference triple orbits Type M4
which are different from {g i(10, (g p−13 )0, (g 2(p−1)3 )0), g i((g p−13 )0, (g i)0, (g 2(p−1)3 )0) : 0 ≤ i ≤ p−16 − 1}. So, B ′′ contains
(s− 1)(p− 1) triples, and C ′′ contains s(p− 1) triples.
Then (F ′′ \ E ′′) ∪A′′ ∪B ′′ ∪ C ′′ forms the set of difference triples of an SCTS(3p, 3 · s).
It is not difficult to see that the CTS(3p, λi)s from (1)–(4) are disjoint. So, we get the desired DCTS. 
Remark 3.12. In the proof of Theorem 3.11, part (4) takes some difference triples of Type M4 and Type M5. In fact, there
are p−43 different difference triple orbits with length p − 1 (or p−12 ) in Type M5 (or Type M4). We can use several methods
to construct the design based on difference triple orbits. For example, if there exist k difference triple orbits, such that each
orbit has a pair of difference triples (a01, b12, c20) and ((p − a)01, (p − b)12, (p − c)20), and the k pair difference triples do
not have same elements, then we can get k disjoint SCTS(3p, 3)s by the following construction:
Take a difference triple orbitF which contains (a01, b12, c20) and ((p−a)01, (p−b)12, (p− c)20), a difference triple orbit
A of Type M4. So, F has p− 1 difference triples, andA has p−12 difference triples. Then {(001, a12, (p− a)20), (001, b12, (p−
b)20), (001, c12, (p− c)20)} ∪ (F \ {(a01, b12, c20), ((p− a)01, (p− b)12, (p− c)20)}) ∪A forms an SCTS(3p, 3). 
Theorem 3.13. If prime p ≡ 5 (mod 6), then there exists a DCTS (3p; 1∗λ11λ12(3p − 3 − λ1 − λ2)1), where λ1 ∈ {3, 6,
9, . . . , 3p−32 }, λ2 ∈ {6, 12, 18 . . . , p− 5, p− 2, p+ 1, p+ 4, . . . , 3p−92 }.
Proof. Let prime p = 6t + 5, t ≥ 0, g be the primitive element of Zp.
(1) The set of difference triples of Type M1 and M3a forms a CTS(3p, 1).
(2) Construct SCTS(3p, λ1), where λ1 ∈ {3, 6, 9, . . . , 3p−32 = 9t + 6}.
Let F = {Fi = ((g i)01, (g i)1, (2g i)01) : i ∈ Zp−1} be an orbit of difference triples of Type M3d.
(i) When λ1 = 3 · (2s+ 1), 0 ≤ s ≤ t .
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We delete 2(2s+ 1) difference triples of F , denoted as E , Fi, F p−1
2 +i, 0 ≤ i ≤ 2s, and add the following triples.
A = {(001, (g i)1, (g i)01), (001, (g p−12 +i)1, (g p−12 +i)01), (001, (2g i)12, (2g p−12 +i)20) : 0 ≤ i ≤ 2s}.
Note thatA is of Type M2 and all nonzero elements inA are the same elements of E .
Now, letB consist of 3s difference triple orbits of TypeM3dwhich are different fromF and the difference triples of Type
M3b.B contains 3s(p− 1)+ p−12 triples.
Then (F \ E) ∪A ∪B forms the set of difference triples of an SCTS(3p, 3 · (2s+ 1)).
(ii) When λ1 = 3 · 2s, 1 ≤ s ≤ t .
We delete 2 · 2s difference triples of F , denoted as E , Fi, F p−1
2 +i, 0 ≤ i ≤ 2s− 1, and add the following triples.
A = {(001, (g i)1, (g i)01), (001, (g p−12 +i)1, (g p−12 +i)01), (001, (2g i)12, (2g p−12 +i)20) : 0 ≤ i ≤ 2s− 1}.
Note thatA is of Type M2 and all nonzero elements inA are the same elements of E .
LetB consist of 3s− 1 difference triple orbits of Type M3d which are different from F .
Then (F \ E) ∪A ∪B forms the set of difference triples of an SCTS(3p, 3 · 2s).
(iii) When λ1 = 3 · (2t + s+ 1), 1 ≤ s ≤ t + 1.
We delete 2(2t + s+ 1) difference triples of F , denoted as E , Fi, F p−1
2 +i, 0 ≤ i ≤ 2t + s, and add the following triples.
A = {(001, (g i)1, (g i)01), (001, (g p−12 +i)1, (g p−12 +i)01), (001, (2g i)12, (2g p−12 +i)20) : 0 ≤ i ≤ 2t + s}.
Note thatA is of Type M2 and all nonzero elements inA are the same elements of E .
Now, let B consist of 3t difference triple orbits of Type M3d which are different from F and difference triples of Type
M3b. When s ≤ t , let C consist of s difference triple orbits of Type M4b, and letD consist of s difference triple orbits of Type
M5b. When s = t + 1, let C consist of t difference triple orbits of Type M4b and the difference triples of Type M4a, let D
consist of t difference triple orbits of Type M5b and the difference triples of Type M5a.
Then (F \ E) ∪A ∪B ∪ C ∪D forms the set of difference triples of an SCTS(3p, 3 · (2t + s+ 1)).
(3) Construct SCTS(3p, λ2), where λ2 ∈ {6, 12, . . . , 6t, 6t + 3, 6t + 6, . . . , 9t + 3 = 3p−92 }.
Let F ′ = {F ′i = ((2g
p−1
2 +i)01, (g i)0, (g
p−1
2 +i)01) : i ∈ Zp−1} be an orbit of difference triples of Type M3c.
(i) When λ1 = 3 · 2s, 1 ≤ s ≤ t .
We delete 2 · 2s difference triples of F ′, denoted as E ′, F ′i , F ′p−1
2 +i
, 0 ≤ i ≤ 2s− 1, and add the following triples.
A′ = {(001, (g i)0, (g p−12 +i)01), (001, (g p−12 +i)0, (g i)01), (001, (2g i)12, (2g p−12 +i)20) : 0 ≤ i ≤ 2s− 1}.
Note thatA′ is of Type M2 and all nonzero elements inA′ are the same elements of E .
LetB ′ consist of 3s− 1 difference triple orbits of Type M3c which are different from F ′.
Then (F ′ \ E ′) ∪A′ ∪B ′ forms the set of difference triples of an SCTS(3p, 3 · 2s).
(ii) When λ1 = 3 · (2t + s), 1 ≤ s ≤ t .
We delete 2(2t + s) difference triples of F ′, denoted as E ′, F ′i , F ′p−1
2 +i
, 0 ≤ i ≤ 2t + s− 1, and add the following triples.
A′ = {(001, (g i)0, (g p−12 +i)01), (001, (g p−12 +i)0, (g i)01), (001, (2g i)12, (2g p−12 +i)20) : 0 ≤ i ≤ 2t + s− 1}.
Note thatA′ is of Type M2 and all nonzero elements inA′ are the same elements of E ′.
Now, letB ′ consist of 3t difference triple orbits of TypeM3cwhich are different fromF ′. And letC ′ consist of s difference
triple orbits of Type M4c, letD ′ consist of s difference triple orbits of Type M5c.
Then (F ′ \ E ′) ∪A′ ∪B ′ ∪ C ′ ∪D ′ forms the set of difference triples of an SCTS(3p, 3 · (2t + s)).
It is not difficult to see that the CTS(3p, λi)s from (1)–(3) are disjoint. So, we get the desired DCTS. 
3.6. Large sets
It is easy to know from Example 2.1 that the type of the decomposition for Z9 is unique. In general, however, for a fixed v
there might be different types of large sets. Most decompositions obtained in previous subsections are not indecomposable.
However, we have the following result from Theorem 3.6.
Theorem 3.14. Suppose p ≡ 5 (mod 6) is a prime, then there is an LSCTS (p; 3 p−23 ).
Proof. From the necessary condition we know that an CTS(p, 3) is indecomposable. The conclusion comes from Theo-
rem 3.6. 
Next, we consider the existence of LCTSs of small v. In addition to the constructions discussed above, we also used a
computer to construct some large sets. Some randommethods are used to reduce the search time. Since the data is lengthy,
we put the details in a separate file at a web site (see [10]). The following theorem is proved.
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Theorem 3.15. Suppose v ≤ 95 is odd. Then
• If v ≡ 1 (mod 6), then there exists an LSCTS (v, 1a2b3c) for some a, b, c ≥ 0;
• If v ≡ 5 (mod 6), then there exists an LSCTS (v, 3 v−23 );
• If v ≡ 3 (mod 6), there exists an LCTS (v; 1∗3 v−33 ) for v > 9 and an LCTS (9; 3141).
Proof. For primes v ≡ 5 (mod 6), the designs come from Theorem 3.14. The constructions of other orders are given in
[10]. 
3.7. Cyclic simple designs
As an application, we will use decomposition of triples to get results about strictly cyclic simple triple systems (SCTSs).
Note that we require strictly cyclic because of the application of these designs to optical orthogonal codes (see [2]).
First we need to know the condition that all the 3-subsets of Zv form a strictly cyclic design. In [2], the following theorem
is proved.
Theorem 3.16. There exists an SCTS (v, v − 2) if and only if v 6≡ 0 (mod 3) and v ≥ 5.
Lemma 3.17. For v 6≡ 0 (mod 3), if there is an SCTS (v, λ), then there is an SCTS (v, v − 2− λ).
Proof. LetA be the set of difference triples of an SCTS(v, λ),Ω contain all of the difference triples of Zv , thenΩ \A forms
the set of difference triples of an SCTS(v, v − 2− λ). 
Remark 3.18. (1) By the above lemma, if v 6≡ 0 (mod 3), then we only need to consider the case 1 ≤ λ ≤ b v−22 c.
(2) For v ≡ 3 (mod 6) and v 6≡ 9, letA be the set of difference triples of the CTS(v, 1), andΩ contain all of the difference
triples of Zv , thenΩ \A forms the set of difference triples of an SCTS(v, v− 3). If there exists an SCTS(v, λ)with the set of
difference triplesB andA ∩B = ∅, thenΩ \ (A ∪B) forms the set of difference triples of an SCTS(v, v − 3− λ).
Theorem 3.19. There exists an SCTS (v, v−52 ) if and only if v ≡ 1, 5 (mod 6) and v ≥ 7.
Proof. If λ = v−52 , by the necessary conditions of an SCTS(v, λ), then v ≡ 1, 5 (mod 6) and v ≥ 7. On the other hand, for
v ≡ 1, 5 (mod 6) and v ≥ 7, we can take the entire difference triples of Type 2, and get an SCTS(v, v−52 ). 
The following lemmas are straightforward.
Lemma 3.20. If there is a DSCTS (v; λ1 . . . λn), then there is an SCTS (v, λ) for any λ =∑ij∈S λij , where S can be any subset of{1, 2, . . . , n}.
Lemma 3.21. For v ≡ 3 (mod 6), if there is a DCTS (v; 1∗λ1 · · · λn), then there is an SCTS (v, λ) for any λ =∑ij∈S λij , where
S can be any subset of {1, 2, . . . , n}.
Using Lemma 3.20, Lemma 3.21 and the necessary conditions of Section 2.1, we can easily obtain many results about the
existence of SCTSs. We list some of the results below without proofs.
Theorem 3.22. Suppose v ≡ 1 (mod 6) is a prime, then there is an SCTS (v, λ) if and only if 1 ≤ λ ≤ v − 2, and there is an
SCTS (3v, λ) if and only if λ ≡ 0 (mod 3), 3 ≤ λ ≤ 3v − 3.
Theorem 3.23. Suppose v ≡ 5 (mod 6) is a prime, then there is an SCTS (v, λ) if and only if λ ≡ 0 (mod 3), 3 ≤ λ ≤ v − 2,
and there is an SCTS (3v, λ) if and only if λ ≡ 0 (mod 3), 3 ≤ λ ≤ 3v − 3.
Theorem 3.24. Suppose v ≡ 1 (mod 6) is a prime, n ≥ 1, then there is an SCTS (v2n, λ) for λ ∈ {kv + 1, kv + 2, . . . , (k +
1)v − 2}, where k ∈ {0, 3, 6, . . . , v − 1}.
Theorem 3.25. Suppose v ≡ 5 (mod 6) is a prime and v ≥ 11, n ≥ 1, then there is an SCTS (v2n, λ) for λ ∈ {kv + 3,
kv + 6, . . . , (k+ 1)v − 2}, where k ∈ {0, 1, 2, . . . , v − 1}.
In fact, when n ≥ 2, we can get more results than that in Theorems 3.24 and 3.25 from Theorem 3.7, Theorem 3.9 and
Lemma 3.20. We omitted the details for the simplicity.
From the constructions of Theorems 3.15, 3.22 and 3.23, and [10], we have the following results about small SCTSs.
Theorem 3.26. For an odd v < 100, there exists an SCTS (v, λ) if and only if:
(1) v ≡ 1 (mod 6) and 1 ≤ λ ≤ v − 2.
(2) v ≡ 5 (mod 6), λ ≡ 0 (mod 3) and 3 ≤ λ ≤ v − 2.
(3) v ≡ 3 (mod 6), λ ≡ 0 (mod 3) and 3 ≤ λ ≤ v − 3.
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4. Conclusion
In this paper, we investigate the methods about how to decompose triples into cyclic designs. We further define
a large set of cyclic triple systems to be a decomposition of triples into indecomposable cyclic triple systems. Several
constructions are given to decompose tripleswhich give infinite classes of decomposition of triples into cyclic triple systems.
Decompositions then are used to construct cyclic simple triple systemswhich aremotivated from the construction of optical
orthogonal codes. Many new infinite classes of simple triple systems have been constructed. Especially, we proved that if
v ≡ 1, 5 (mod 6) is a prime, then there exists a simple triple system of order v and 3v for any possible λ.
We basically consider the decomposition of odd v in this paper. It seems to be more difficult to decompose Zv for even v.
There are a lot of open questions about decompositions and large sets of cyclic triple systems.We list a few below, which
are the most interesting ones to us. Our conjecture is ‘‘yes’’ to all of these questions.
1. For an odd v, is there always a DCTS(v; λ1, . . . , λn) such that for any 1 ≤ λ ≤ v − 2 (In addition, λ ≡ 0 (mod 3) if
v ≡ 3, 5 (mod 6)), we can find λi1 , . . . , λit satisfying λ =
∑t
k=1 λik?
2. For any v ≡ 1 (mod 6), is there always an LSCTS(v; 1a2b3c) for some a, b, c ≥ 0?
3. For any v, v ≡ 5 (mod 6), is there always an LSCTS(v; 3 v−23 )?
4. For v ≡ 1, 3 (mod 6) and v ≥ 13, are there always different types of LCTSs of order v?
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